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CESARO ORLICZ SEQUENCE SPACES AND THEIR
KOTHE-TOEPLITZ DUALS
Kuldip Raj, Renu Anand and Suruchi Pandoh
Abstract. The present paper focus on introducing certain classes of
Cesaro Orlicz sequences over n-normed spaces. We study some topo-
logical and algebraic properties of these spaces. Further, we examine
relevant relations among the classes of these sequences. We show that
these spaces are made n-BK-spaces under certain conditions. Finally,
we compute the Kothe-Toeplitz duals of these spaces.
1. Introduction and Preliminaries
Let w, `1, `p, `1, c and c0 represent the spaces of all, bounded, p-absolutely
summable, absolutely summable, convergent and null sequences x = (xk)
with complex terms, respectively. The zero element of a normed linear
space is denoted by .




known as the space of p-absolutely summable sequences. The space `p for










A BK-space (X; k:k) is a Banach space of complex sequences x = (xk), in
which the co-ordinate maps are continuous, i.e., jxnk   xkj ! 0, whenever
kxn   xk ! 0 as n!1, where xn = (xnk) for all n 2 N (see [33]).
Let (X; k:k) be a normed linear space and  is a scalar-valued sequence
space, then the vector-valued sequence space or X-valued sequence space
(X) is dened by
(X) = f(xk) : xk 2 X for all k 2 N and kxk 2 g:
Clearly, (X) is a linear space under coordinatewise addition and scalar
multiplication over the eld of scalars of X. Similarly, if X is a Banach
space, then `p(1  p < 1) is a Banach space with the norm given by
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Cesaro sequence spaces Cesp, 1  p <1, were introduced for the rst time
in 1968 in connection with the problem of nding their duals, which was
posed by the Dutch Mathematical Society [1]. Shiue [27] and Leibowitz [14]
studied the basic properties of these spaces. In 1974, Jagers [11] found the
dual space of Cesp [15].
The Cesaro sequence spaces is dened by
Cesp =
(
























It was observed that `p  Cesp(1 < p < 1) is strict, although it does not
hold for p = 1. Nag and Lee [22] dened and studied the Cesaro sequence
space Xp of non-absolute type as follows:
Xp =
(




















The inclusion Cesp  Xp; 1  p < 1 is strict. Orhan [23] dened and
studied the Cesaro dierence sequence spaces Xp() and X1() by replac-
ing x = (xk) with x = (xk) = (xk   xk+1); k = 1; 2; ::: and proved that
for 1  p < 1, the inclusions Xp  Xp() and X1  X1() are strict.
In fact, Orhan [23] used Cp instead of Xp() and C1 instead of X1().
Further, Orhan [23] also dened and studied the following sequence spaces
Op() =
(























He established that for 1  p < 1, the inclusions Op()  Xp() and
Cesp  Op() are strict.
Mursaleen et al. [19] studied the Cesaro dierence sequence spaces which

























where 2xk = xk  xk+1:
For uniformity of the literature, henceforth, we shall write Cp instead of Xp
and C1 instead of X1.
Let E and F be two sequence spaces. Then the F dual of E is dened as
EF = f(xk) 2 w : (xkyk) 2 F for all (yk) 2 Eg.
For F = `1, the dual is termed as -dual (Kothe-Toeplitz dual) of E and
denoted by E. If X  Y , then Y   X.
For more details about Cesaro-type summable spaces and Kothe-Toeplitz
dual one can refer to ([3], [20], [21], [22], [28], [29], [31], [32]).
The concept of 2-normed spaces was initially developed by Gahler [6] in the
mid of 1960's, while that of n-normed spaces one can see in Misiak [18].
Since then, many others have studied this concept and obtained various
results, see Gunawan ([7], [8]) and Gunawan and Mashadi [9]. Let n 2 N
and X be a linear space over the eld of real numbers R of dimension d,
where d  n  2. A real valued function jj;    ; jj on Xn satisfying the
following four conditions:
(1) jj(x1; x2;    ; xn)jj = 0 if and only if x1; x2;    ; xn are linearly de-
pendent in X,
(2) jj(x1; x2;    ; xn)jj is invariant under permutation,
(3) jj(x1; x2;    ; xn)jj = jj jj(x1; x2;    ; xn)jj for any  2 R, and
(4) jj(x+ x0; x2;    ; xn)jj  jj(x; x2;    ; xn)jj+ jj(x0; x2;    ; xn)jj
is called an n-norm on X and the pair (X; jj;    ; jj) is called an n-normed
space over the eld R.
As an example, we may take X = Rn being equipped with the n-norm
jj(x1; x2;    ; xn)jjE = the volume of the n-dimensional parallelopiped spanned
by the vectors x1; x2;    ; xn which may be given explicitly by the formula
jj(x1; x2;    ; xn)jjE = j det(xij)j;
where xi = (xi1; xi2;    ; xin) 2 Rn for each i = 1; 2;    ; n.
Let (X; jj;    ; jj) be an n-normed space of dimension d  n  2 and
fa1; a2;    ; ang be linearly independent set in X. Then the following func-
tion jj;    ; jj1 on Xn 1 as dened by
jj(x1; x2;    ; xn 1)jj1 = maxfjj(x1; x2;    ; xn 1; ai)jj : i = 1; 2;    ; ng
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is called an (n  1)-norm on X with respect to fa1; a2;    ; ang:
A sequence (xk) in an n-normed space (X; jj;    ; jj) is said to converge to
some L 2 X if
lim
k!1
jj(xk   L; z1;    ; zn 1)jj = 0 for every z1;    ; zn 1 2 X:




jj(xk   xp; z1;    ; zn 1)jj = 0 for every z1;    ; zn 1 2 X:
If every Cauchy sequence in X converges to some L 2 X, then X is said
to be complete with respect to the n-norm. A complete n-normed space
is said to be n-Banach space. For more details about sequence spaces and
n-normed spaces (see [2], [24], [25], [26]) and references therein.
An Orlicz function M : [0;1)! [0;1) is a continuous, non-decreasing and
convex such that M(0) = 0, M(x) > 0 for x > 0 and M(x)  !1 as x  !
1. If convexity of Orlicz function is replaced by M(x+ y) M(x)+M(y),
then this function is called modulus function. Lindenstrauss and Tzafriri
[13] used the idea of Orlicz function to dene the following sequence space,
`M =
n







<1; for some  > 0
o














A sequence M = (Mk) of Orlicz functions is said to be Musielak-Orlicz
function (see [16], [17]). A Musielak-Orlicz function M = (Mk) is said
to satisfy 2-condition if there exist constants a; K > 0 and a sequence
c = (ck)
1
k=1 2 l1+ (the positive cone of l1) such that the inequality
Mk(2u)  KMk(u) + ck
holds for all k 2 N and u 2 R+; whenever Mk(u)  a:
The notion of dierence sequence spaces was introduced by Kizmaz [12],
who studied the dierence sequence spaces `1(); c() and c0(): The
notion was further generalized by Et and Colak [4] by introducing the spaces
`1(m), c(m) and c0(m): Let n;m be non-negative integers, then for
Z = c; c0 and `1 we have sequence spaces
Z(mn ) = fx = (xk) 2 w : (mn xk) 2 Zg;
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where mn x = (
m
n xk) = (
m 1
n xk  m 1n xk+1) and 0n = xk for all k 2 N










Taking n = 1; we get the spaces `1(m); c(m) and c0(m) studied by Et
and Colak [4]. Taking n = m = 1; we get the spaces `1(); c() and c0()
introduced and studied by Kizmaz [12].
Let (X; k;    ; k) be an n-normed real linear space, w(n  X) denotes X-
valued sequence space. Let M = (Mi) be a sequence of Orlicz functions
and u = (uk) be a sequence of positive real numbers. Then we dene the
following sequence spaces for every nonzero z1; :::; zn 2 X;
Cp(M; u;mn ; k;    ; k) =n












; z1; :::; zn 1
p <1;
for some  > 0
o
;
C1(M; u;mn ; k;    ; k) =n











; z1; :::; zn 1
 <1;
for some  > 0
o
;
`p(M; u;mn ; k;    ; k) =n






; z1; :::; zn 1
p <1;
for some  > 0
o
;
Op(M; u;mn ; k;    ; k) =n










; z1; :::; zn 1
p <1;
for some  > 0
o
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and
O1(M; u;mn ; k;    ; k) =n









; z1; :::; zn 1
 <1;
for some  > 0
o
:
Lemma 1.1. [30] (a) Let 1  p <1. Then















































Denition 1. An n-BK-space (X; k:; :::; :k) is an n-Banach space of real
sequences x = (xk) in which the co-ordinate maps are continuous.
Let us consider a few special cases of the above sequence spaces:
(i) If Mi(x) = x for all i 2 N; then we have
Cp(M; u;mn ; k;    ; k) = Cp(u;mn ; k;    ; k), C1(M; u;mn ; k;    ; k)
= C1(u; mn ; k;    ; k), `p(M; u;mn ; k;    ; k) = `p(u; mn ; k;    ; k),
Op(M; u;mn ; k;    ; k) = Op(u;mn ; k;    ; k) andO1(M; u;mn ; k;    ; k)
= O1(u;mn ; k;    ; k):
(ii) If u = (uk) = 1 for all k 2 N; then we have
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Cp(M; u;mn ; k;    ; k) = Cp(M;mn ; k;    ; k), C1(M; u;mn ; k;    ; k)
= C1(M;mn ; k;    ; k), `p(M; u;mn ; k;    ; k) = `p(M;mn ; k;    ; k),
Op(M; u;mn ; k;    ; k) = Op(M;mn ; k;    ; k) andO1(M; u;mn ; k;    ; k)
= O1(M;mn ; k;    ; k):
The following inequality will be used throughout the paper. Let p = (pk)





: Then for the factorable sequences (ak) and (bk) in the
complex plane, we have
(1.1) jak + bkjpk  K(jakjpk + jbkjpk):
Also jakjpk  max

1; jajH	 for all a 2 C:
The main purpose of this paper is to introduce and study certain classes of
multiplier sequences of Cesaro-type dened by a sequence of Orlicz functions
over n-normed space. We make an eort to study completeness and some
interesting inclusion relations between these spaces. Finally, we compute
the Kothe-Toeplitz duals of these spaces.
2. Main Results
Theorem 2.1. Let M = (Mi) be a sequence of Orlicz functions and u =
(uk) be a sequence of positive real numbers. Then the classes of sequences
Cp(M; u;mn ; k;    ; k); C1(M; u;mn ; k;    ; k); `p(M; u;mn ; k;    ; k);
Op(M; u;mn ; k;    ; k) and O1(M; u;mn ; k;    ; k) for 1  p < 1 are
linear spaces over the real eld R.
Proof. We shall prove the result for the space Op(M; u;mn ; k;    ; k) and
for the other spaces, it will follow on applying similar arguments.
Suppose x = (xk), y = (yk) 2 Op(M; u;mn ; k;    ; k) and ;  2 R. Then










; z1; :::; zn 1











; z1; :::; zn 1
p <1; for some 2 > 0:
Let 3 = max(2jj1; 2jj2). Since M = (Mi) is a non-decreasing and
convex so by using inequality (1.1), we have








ukmn xk + ukmn yk
3










































; z1; :::; zn 1
p
<1:
Thus, x+ y 2 Op(M; u;mn ; k;    ; k). This proves that Op(M; u;mn ;
k;    ; k) is a linear space. 
Theorem 2.2. Let M = (Mi) be a sequence of Orlicz functions and u =
(uk) be a sequence of positive real numbers. Let 1  p < 1 and the base
space X is an n-Banach space. Then
(i) The space Cp(M; u;mn ; k;    ; k) is an n-Banach space, n-normed by
















; z1; :::; zn 1
p 1p
for every z1; :::; zn 1 2 X if x1; x2;    ; xn are linearly independent.
(ii) The space Op(M; u;mn ; k;    ; k) is an n-Banach space, n-normed by














; z1; :::; zn 1
p 1p
for every z1; :::; zn 1 2 X if x1; x2;    ; xn are linearly independent.
(iii) The space `p(M; u;mn ; k;    ; k) is an n-Banach space, n-normed by










; z1; :::; zn 1
p 1p
for every z1; :::; zn 1 2 X if x1; x2;    ; xn are linearly independent.
(b) (i) The space C1(M; u;mn ; k;    ; k) is an n-Banach space, n-normed
by
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; z1; :::; zn 1
;
for every z1; :::; zn 1 2 X if x1; x2;    ; xn are linearly independent.
(ii) The space O1(M; u;mn ; k;    ; k) is an n-Banach space, n-normed by













; z1; :::; zn 1
;
for every z1; :::; zn 1 2 X if x1; x2;    ; xn are linearly independent.
Proof. It is easy to show that the spaces Cp(M; u;mn ; k;    ; k); Op(M;
u;mn ; k;    ; k); `p(M; u;mn ; k;    ; k); C1(M; u;mn ; k;    ; k) and
O1(M; u;mn ; k;    ; k) are n-normed spaces under the n-norm as dened
above.
Now, we prove the completeness for the space C1(M; u;mn ; k;    ; k) only.
The other parts can be proved in a similar way.
Let (xs)1s=1 be a Cauchy sequence in C1(M; u;mn ; k;    ; k); where xs =




2; :::) 2 C1(M; u;mn ; k;    ; k) for each s 2 N . Let  > 0 be
given. Then there exists a positive integer n0 such that
kxs   xt; w2; :::; wnkC1(M;u;mn ) < 
for all s; t  n0 and for every w2; :::; wn 2 C1(M; u;mn ; k;    ; k); we have
mX
k=1













; z1; :::; zn 1
 < 
for all s; t  n0 and for every z1; :::; zn 1 2 X. This implies
mX
k=1














; z1; :::; zn 1
 < 
for all s; t  n0 and for every z1; :::; zn 1 2 X. Hence, kxsk xtk; z1; :::; zn 1k <
 for all k = 1; 2; :::;m and for every z1; :::; zn 1 2 X.
Therefore, (xsk) is a Cauchy sequence for all k = 1; 2; ; :::;m in X, an n-
Banach space.
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Hence, (xsk) converges in X for all k = 1; 2; :::;m. Let lims!1x
s
k = xk for all














; z1; :::; zn 1
 < ;
for all s; t  n0 and for every z1; :::; zn 1 2 X. This implies for every












; z1; :::; zn 1
 < ;
for all s; t  n0 and i 2 N .
Thus, (mn x
s
k) is a Cauchy sequence in C1(M; u; k;    ; k) which is com-
plete. Hence, (mn x
s

























k = xk; for k = 1 + nv; for v = 1; 2; :::;m  1:
Thus, from equation (2.1) and (2.2), we have lim
s!1x
s
1+m exists. Let lims!1x
s
1+m =
x1+m. Proceeding in this way inductively lim
s!1x
s
k = xk exists for each k 2 N .





kxsk   xtk; z1; :::; zn 1k =
mX
k=1
kxsk   xk; z1; :::; zn 1k < ;
for all s  n0. Again, using the continuity of n-norm, we nd that for every




















; z1; :::; zn 1
 < ;












k   ukmn xk

; z1; :::; zn 1
 <  for all s  n0:
Thus, for every w2; :::; wn 2 C1(M; u;mn ; k;    ; k)
kxs   x;w2; :::; wnkC1(M;u;mn ) < 2 for all s  n0:
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Hence, (xs x) 2 C1(M; u;mn ; k;    ; k). Since C1(M; u;mn ; k;    ; k)
is a linear space, so we have for all s  n0, x = xs (xs x) 2 C1(M; u;mn ;
k;    ; k). Hence, C1(M; u;mn ; k;    ; k) is complete and as such is an
n-Banach space. 
Corollary 2.3. The spaces Cp(M; u;mn ; k;    ; k); C1(M; u;mn ; k;    ; k);
`p(M; u;mn ; k;    ; k); Op(M; u;mn ; k;    ; k) and O1(M; u;mn ; k;    ; k)
for 1  p <1 are n-BK-spaces if the base space X is an n-Banach space.
Theorem 2.4. Let M = (Mi) be a sequence of Orlicz functions and u =
(uk) be a sequence of positive real numbers. Then Z(M; u;m 1n ; k;    ; k) 
Z(M; u;mn ; k;    ; k) (in general Z(M; u;in; k;    ; k)  Z(M; u;mn ;
k;    ; k) for i = 1; 2; :::;m  1) for Z = Cp; Op; `p; C1 and O1.
Proof. We shall prove the result for the space Z = Cp only and others can
be proved in the similar way.
Let x = (xk) 2 Cp(M; u;m 1n ; k;    ; k); 1  p < 1. Then for every













; z1; :::; zn 1
p <1:






























; z1; :::; zn 1
:
It is known that for 1  p < 1, ja + bjp  2p(jajp + jbjp). Hence, for































; z1; :::; zn 1
po:
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; z1; :::; zn 1
po:












; z1; :::; zn 1
p <1:
Thus, Cp(M; u;m 1n ; k;    ; k)  Cp(M; u;mn ; k;    ; k) for 1  p <1.
The inclusion is strict and it follows from the following example. 
Example 2.5. Let X = R3 be a real linear space. Dene k:; :k : XX ! R
by kx; yk = maxfjx1y2   x2y1j; jx2y3   x3y2j; jx3y1   x1y3jg, where x =
(x1; x2; x3); y = (y1; y2; y3) 2 R3. Then (X; k:; :k) is a 2-normed linear space.
Let (uk) = 1, (Mi) = I, the identity map, for all i 2 N , m = 2 and
n = 1. Consider the sequence x = (xk) = (k; k; k) for all k 2 N . Then
2xk = (0; 0; 0) for all k 2 N . Hence, (xk) 2 Cp(M; u;2; k:; :k), we have
(xk) = ( 1; 1; 1) for all k 2 N . Hence, (xk) =2 Cp(M; u;; k:; :k). The
inclusion is strict.
Theorem 2.6. Let M = (Mi) be a sequence of Orlicz functions and u =
(uk) be a sequence of positive real numbers. Then
(a) Op(M; u;mn ; k;    ; k)  Cp(M; u;mn ; k;    ; k)  C1(M; u;mn ;
k;    ; k) and the inclusions are strict.
(b) Op(M; u;mn ; k;    ; k)  O1(M; u;mn ; k;    ; k)  C1(M; u;mn ;
k;    ; k) and the inclusions are strict.
Proof. The proof is trivial, so we omitted. 
Remark. `p(M; u;mn ; k;    ; k)  Op(M; u;mn ; k;    ; k):
Example 2.7. Let p = 1 and 2-norm k:; :k on X = R3 in Example (2.5).
Let m = 2, n = 1, (uk) = 1 and (Mi) = I. Consider the sequence fxkg =
f(1; 1; 1); (0; 0; 0); (0; 0; 0); (0; 0; 0); :::g. Then 2xk = (1; 1; 1) for k = 1 and
2xk = (0; 0; 0) for all k > 1. Then (xk) 2 `(M; u;2; k:; :k) but (xk) =2
O(M; u;2; k:; :k):
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Theorem 2.8. If 1  p < q, then
(i) Cp(M; u;mn ; k;    ; k)  Cq(M; u;mn ; k;    ; k);
(ii) `p(M; u;mn ; k;    ; k)  `q(M; u;mn ; k;    ; k);
(iii) Op(M; u;mn ; k;    ; k)  Oq(M; u;mn ; k;    ; k).
Proof. We prove the result for the space Op(M; u;mn ; k;    ; k) only and
for the other cases it can be proved in a similar way. Let x 2 Op(M; u; mn ;




















; z1; :::; zn 1
p < 1






















; z1; :::; zn 1
p
< 1:
Thus, x 2 Oq(M; u;mn ; k;    ; k). This completes the proof. 
3. Kothe-Toeplitz duals
In order to compute Kothe-Toeplitz dual, we rst dene the following:
An n-functional is a real-valued mapping with domain A1  :::An, where
A1; :::; An are linear manifolds of a linear n-normed space.
Let F be an n-functional with domain A1  :::  An. F is called a linear
n-functional whenever for all 1a1;
1 a2; :::;
1 an 2 A1, 2a1;2 a2; :::;2 an 2 A2 and
na1;
n a2; :::;












2 ai2 ; :::;
n ain) and
(ii) F (1a1; :::; nan) = 1; :::; nF (a1; :::; an).
Let F be an n-functional with domain D(F ). F is called bounded if there
is a real constant K  0 such that jF (a1; :::; an)j  Kka1; :::; ank for all
(a1; :::; an) 2 D(F ). If F is bounded, we dene the norm
kFk = glbfK : jF (a1; :::; an)j  Kka1; :::; ank for all (a1; :::; an) 2 D(F )g:
If F is not bounded, we dene kFk = +1:
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Proposition 3.1. [10] A linear n-functional F is continuous if and only if
it is bounded.
Proposition 3.2. [10] Let B be the set of bounded linear n-functionals with
domain B1:::Bn. Then B is an n-Banach space upto linear dependence.
For any n(> 1)-normed space E, we denote by E the continuous dual of E.
Denition 2. Let E be an n-normed linear space, normed by k:; :::; :kE .
Then we dene the Kothe-Toeplitz dual of the sequence space Z(E) whose
base space is E as
[Z(E)] = f(yk) : yk 2 E; k 2 N and (kxk; w2; :::; wnkEkyk; v2; :::; vnkE) 2
`1 for every
v2; :::; vn 2 E; w2; :::; wn 2 E; (xk) 2 Z(E)g:
It is easy to check that  2 X. If X  Y , then Y   X. Let us consider
SCp(M; u;mn ; k;    ; k) =
fx = (xk) : x 2 Cp(M; u;mn ; k;    ; k); x1 = ::: = xm = 0g:
Then SCp(M; u;mn ; k;    ; k) is a subspace of Cp(M; u;mn ; k;    ; k) for
1  p <1. We can have similar subspaces for other spaces as well.
Lemma 3.3. [5] x 2 SC1(m) implies sup
k
k mjxkj <1.
Lemma 3.4. x 2 SC1(M; u;mn ; k;    ; k) implies sup
k
k mkxk; w2; :::; wnk <
1 for every w2; :::; wn 2 X.
Proof. The proof follows using similar techniques as applied in the proof of
Lemma 3.3. Consider a set
U =
n
a = (ak) :
1X
k=1




Theorem 3.5. Let M = (Mi) be a sequence of Orlicz functions and u =
(uk) be a sequence of positive real numbers. Then the Kothe-Toeplitz duals of
the space SCp(M; u;mn ; k;    ; k) is U , that is, [SC1(M; u;mn ; k;    ; k)] =
U .
Proof. If a 2 U , then
1X
k=1




kmkak; z2; :::; znkX(k mkxk; w2; :::; wnkX)
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< 1;
for each x 2 SC1(M; u;mn ; k;    ; k) by Lemma 3.4. Hence, x 2 [SC1(M;
u;mn ; k;    ; k)].
Next, let a 2 [SC1(M; u;mn ; k;    ; k)]: Then
1X
k=1
kak; z2; :::; znkXkxk; w2; :::; wnkX <1;
for each x 2 SC1(M; u;mn ; k;    ; k):
Dene the sequence x = (xk) by
xk =

0; k  m;
km; k > m
and choose w2; :::; wn 2 X such that
kkm; w2; :::; wnkX = kmk1; w2; :::; wnkX =

0; k  m
km; k > m:
Thus, we have z2; :::; zn 2 X
1X
k=1
kmkak; z2; :::; znkX =
1X
k=1








kkm; w2; :::; wnkXkak; z2; :::; znkX
< 1:
This implies a 2 U . 
Theorem 3.6. Let M = (Mi) be a sequence of Orlicz functions and u =
(uk) be a sequence of positive real numbers. Then
[SC1(M; u;mn ; k;    ; k)] = [C1(M; u;mn ; k;    ; k)]:
Proof. Since SC1(M; u;mn ; k;    ; k)  C1(M; u;mn ; k;    ; k), we have
[C1(M; u;mn ; k;    ; k)]  [SC1(M; u;mn ; k;    ; k)].
Let a 2 [SC1(M; u;mn ; k;    ; k)] and x 2 C1(M; u;mn ; k;    ; k).
Consider the sequence x = (xk) dened by
xk =

xk; k  m;
x0k; k > m;
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where x0 = (x0k) 2 SC1(M; u;mn ; k;    ; k). Then write1X
k=1








kak; z2; :::; znkXkxk0 ; w2; :::; wnkX
< 1:
This implies a 2 [C1(M; u;mn ; k;    ; k)]. 
Theorem 3.7. Let M = (Mi) be a sequence of Orlicz functions and u =
(uk) be a sequence of positive real numbers. Then
[O1(M; u;mn ; k;    ; k)] = [C1(M; u;mn ; k;    ; k)]:
Proof. The proof is easy, so omitted. 
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